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Abstract
Asymptotic stress, strain, and displacement distributions in the vicinity of the mixed-mode crack for the stress-state sensitive
elastic materials are considered and a nontrivial solution with the eigenvalue s = 1 in the displacement series is found explicitly.
For this solution, a remote shear loading is demonstrated to lead to a volume change at the crack tip as a consequence of inherent
interrelation between shear and volume deformation processes in the given materials.
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1. Introduction
Existing experimental data demonstrate a strong stress-state sensitivity of the deformation properties of a wide
class of solids, including metals (steels, aluminium, copper, cast iron) [Bai and Wierzbicki (2008); Du Bois et al.
(2010); Fourmeau et al. (2013); Gao et al. (2009); Seidt (2010))], rocks (sandstone, marble, limestone, talc chloride)
[Lomakin (1991); Stavrogin and Tarasov (2001))], structural graphites [Lomakin (2011)], and some other materials. A
number of authors (see, for example, Bai and Wierzbicki (2008); Brunig et al. (2013); Du Bois et al. (2010); Fourmeau
et al. (2013); Gao et al. (2009); Mirone and Corallo (2010); Lomakin and Rabotnov (1978); Lomakin (1991, 2011);
Seidt (2010); Stavrogin and Tarasov (2001)) emphasize the importance of taking into account the dependence of the
material properties on the stress state. The variety of the internal microprocesses in solids under deformation, such
as damage accumulation or development of structure microdefects, could be described at the macrolevel by including
certain stress-state parameters in the phenomenological continuum model. Indeed, the behaviour of microcracks,
voids, and inclusions depends strongly on the type of the applied load and results in a stress-state sensitivity of the
material properties. The dependence of the deformation properties on the stress state is therefore an particularly
important problem in the fracture mechanics. In Fig. 1 we give the generalized deformation diagrams σ0 ∼ ε0 for the
structural graphite ARV [Lomakin (2011)], where σ0 =
√
3
2S i jS i j is the Von Mises equivalent stress, S i j = σi j−σmδi j
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Fig. 1. The generalized deformation curves for the structural graphite ARV [Lomakin (2011)].
and σm = σii/3 are the stress deviator and the hydrostatic stress, respectively, while ε0 =
√
2
3ei jei j is the intensity of
shear strains, ei j = εi j − 13εδi j, and ε = εkk is the volume strain. The corresponding experimental curves are slightly
nonlinear, so that linearized approximation is still applicable (see below). Curves 1 and 2 correspond to the uniaxial
tension and uniaxial compression tests, curve 3 is for the pure shear, while curve 4 corresponds to the uniform biaxial
tension with the principal stresses ratio σ1/σ2 = 1.
Conventional parameters used to describe the material stress state are the stress triaxiality (triaxiality factor) ξ =
σm/σ0 and the Lode angle. It is well known that the triaxiality factor shows an averaged ratio of the normal and
shear stresses at a given point in the medium, while deviations from this mean value are described by the Lode angle.
Strictly speaking, the stress triaxiality alone is insuﬃcient for the full description of the stress state since one can ﬁnd
diﬀerent types of loading corresponding to the same value of ξ (see, for example, Du Bois et al. (2010)). Therefore
both the triaxiality factor and the Lode angle have to be used, and examples of the such a description can be found in
the literature. Nevertheless, although the triaxiality factor cannot describe the stress state uniquely, it still allows one to
capture such features of the material as interconnection of the volume and shear deformation processes, crack opening
under the conditions of shear loading [Lomakin and Belyakova (2004)], dilatancy [Lomakin (1991)], and so on.
Therefore, using the stress triaxiality ξ in the constitutive relations provides a reasonable compromise for development
of a relatively simple but realistic continuum model able to describe experimentally observed deformation features.
Such an approach is particularly useful in as complicated problems as the determination of the stress and strain ﬁelds
near the cracks.
2. Constitutive relations for the materials with stress-state-dependent deformation properties
The stress-state sensitivity of the material properties reveals itself much stronger for nonlinear strains, when mi-
crocrack surfaces may get in contact, existing damages grow, and new defects arise. A possible form of the defor-
mation potential, describing the stress state dependence of the material properties for an active loading, is proposed
in [Lomakin (1991)] and the solutions for the tensile crack under the conditions of the plane stress was obtained in
[Belyakova and Lomakin (2004)] using the corresponding stress-state relations. In a particular range of deformations,
the stress-strain dependence for slightly nonlinear elastic solids admits a linear approximation (see, for example, ex-
perimental curves for the structural graphite ARV shown in Fig. 1), then a simpler form of the deformation potential
and corresponding constitutive relations can be used [Lomakin and Rabotnov (1978)]
Φ =
1
2
[1 + ζ(ξ)](A + Bξ2)σ20,
εi j =
3
2
[A + ω(ξ)]S i j +
1
3
[B + Ω(ξ)]σmδi j, ω + ξ2Ω =
(
A + Bξ2
)
ζ, ω′ + ξ2Ω′ = 0, (1)
which reproduce the classic linear elastic constitutive relations for ζ(ξ) ≡ 0. For convenience, two interrelated ma-
terial functions ω(ξ) and Ω(ξ) are introduced which possess a clear physical interpretation. Indeed, ω(ξ) deﬁnes the
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dependence of the strain intensity on the Von Mises equivalent stress while Ω(ξ) is responsible for the dependence of
the volume deformation on the hydrostatic stress:
ε0 =
[
A + ω(ξ)
]
σ0, ε =
[
B + Ω(ξ)
]
σm, ε = (B + Ω(ξ))ξε0/(A + ω(ξ)). (2)
The constitutive relations (1) describe the interrelation between the shear and volume deformation speciﬁc for dam-
aged and heterogeneous media. Indeed, as follows from the last equation in (2), a shear stress can result in the volume
change. Furthermore, depending on the form of the material functions, volume increase is possible for a compressive
hydrostatic stress (see Lomakin (1991); Stavrogin and Tarasov (2001) for the experimental data for rocks).
As the simplest approximation, the linear form ω(ξ) = Cξ can be used, where the material constant C is responsible
for the material stress-state sensitivity. Then, from the last equation in (1), Ω(ξ) = C/ξ. It has to be noticed that such
a linear approximation is rather rough, while more accurate ﬁts of the experimental data are given in [Belyakova and
Lomakin (2004)]. Nevetheless, though the linear approximation can be only used in the limited interval for the values
of the stress triaxiality ξ, it simpliﬁes signiﬁcantly the analysis in many practical problems.
The constitutive relations (1) can be resolved for the stresses as [Lomakin and Gasparyan (1984)]
U =
1
2
[1 + η(γ)]
(
1
A
+
γ2
B
)
ε20, σi j =
2
3
ψ(γ)ei j + Ψ(γ)εδi j, (3)
ψ(γ) = −1
2
(
1
A
+
γ2
B
)
η′(γ)γ +
1
A
[1 + η(γ)], Ψ(γ) =
1
2
(
1
A
+
γ2
B
)
η′(γ)γ−1 +
1
B
[1 + η(γ)],
where the parameter of the strain state γ = ε/ε0 is introduced and the last expression in (2) is used.
In the linear approximation with ω(ξ) = Cξ, the potential (3) and the constitutive relations become:
U =
1
2
(
Bε20 − 2Cε0ε + Aε2
)
(AB −C2)−1, σi j =
[
2
3
(B −Cγ)ei j + (A −Cγ−1)εδi j
]
(AB −C2)−1. (4)
The stress potential should be positively deﬁned convex function of the strains to provide the uniqueness of the
solution of the boundary-value problem. Therefore, the material functions of the triaxiality factor ξ (or the strain
state parameter γ) are constrained (see, for example Lomakin (1991, 2013)). In particular, for the potential (4), the
constraint AB −C2 > 0 is to be taken into account in the experimental data ﬁtting procedure.
3. T-stress asymptotic solution near the crack in the stress-state-dependent material under the mixed mode
loading
We consider the asymptotic solution near a semi-inﬁnite crack in the stress-state-dependent material obeying the
constitutive relations (3) under the mixed mode I, II and III remote loading. In contrast to the linear elasticity, for the
physically nonlinear stress-strain relations (3) the solution for the remote mixed mode load is not given by a superpo-
sition of the solutions for the plane and anti-plane loading. Indeed, for the materials with the stress-state dependent
properties, the volume and shear deformation processes are usually interrelated. For example, the shear crack opens
under the plane strain conditions, as was reported in [Lomakin and Belyakova (2004)]. Moreover, according to [Lo-
makin (2013)], nonzero displacements always appear in the (x, y) plane even under the pure mode III remote loading
along the z-axis. We therefore consider the generic case of all three nonzero displacements which, at the crack tip,
can be searched for as a series with the terms of the form:
ur = Krs f1(ϑ), uϑ = Krs f2(ϑ), uz = Krs f3(ϑ). (5)
The corresponding strain distribution can be presented in the form εi j = Krs−1ε˜i j(ϑ), where
ε˜rr = s f1, ε˜ϑϑ = f ′2 + f1, ε˜zz = 0, ε˜rz = s f3/2, ε˜ϑz = f
′
3/2, ε˜rϑ = (s − 1) f2/2 + f ′1/2, (6)
while the strain state parameter γ is
γ = ε˜/ε˜0, ε˜ = (s + 1) f1 + f ′2 , (7)
ε˜20 =
4
9
(s2 − s + 1) f 21 +
1
3
(s − 1)2 f 22 +
1
3
s2 f 23 +
1
3
(
f ′1
)2
+
4
9
(
f ′2
)2
+
1
3
(
f ′3
)2
+
4
9
(2 − s) f1 f ′2 +
2
3
(s − 1) f ′1 f2.
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The adopted constitutive relations (3) allow one to obtain the stress distribution in the form σi j = Krs−1σ˜i j(ϑ),
where the angular stress dependencies are:
σ˜rr = 2ψ(γ)
[
(2s − 1) f1 − f ′2
]
/9 + Ψ(γ)ε˜, σ˜rϑ = ψ(γ)
[
(s − 1) f2 + f ′1
]
/3,
σ˜ϑϑ = 2ψ(γ)
[
(2 − s) f1 + 2 f ′2
]
/9 + Ψ(γ)ε˜, σ˜ϑz = ψ(γ) f ′3/3, (8)
σ˜zz = −2ψ(γ) [(s + 1) f1 + f ′2] /9 + Ψ(γ)ε˜, σ˜rz = ψ(γ)s f3/3.
The polar angle functions fi(ϑ) are determined from the three equilibrium equations:
∂σrr
∂r
+
1
r
∂σrϑ
∂ϑ
+
∂σrz
∂z
+
σrr − σϕϕ
r
= 0,
∂σrϑ
∂r
+
1
r
∂σϑϑ
∂ϑ
+
∂σrz
∂z
+
2
r
σrϑ = 0, (9)
∂σrz
∂r
+
1
r
∂σϑz
∂ϑ
+
∂σzz
∂z
+
1
r
σrz = 0.
The powers s, similarly to the linear elastic case, are the eigenvalues providing nontrivial solutions for the homoge-
neous system of equilibrium equations (9). For free crack surfaces the boundary conditions are σrϑ|ϑ=±π = σϑϑ|ϑ=±π =
σϑz|ϑ=±π = 0 or, in terms of the introduced functions fi,{
2ψ(γ)
[
(2 − s) f1 + 2 f ′2
]
/9 + Ψ(γ)ε˜
} |ϑ=±π = 0, (10)
f ′3 |ϑ=±π = 0,
[
(s − 1) f2 + f ′1
] |ϑ=±π = 0.
The latter conditions on the crack surfaces do not depend on the type of the remote load. However, the solution
of the homogeneous system of equations (9) can be deﬁned only up to a multiplicative constant K, depending on the
type and the intensity of the remote load and, as a matter of fact, on the geometrical parameters of the construction as
a whole. Thus, in order to deﬁne the polar angle functions fi(ϑ) in the asymptotic solution, a normalization condition
has to be involved, for example, ε˜0 = 1 for ϑ = −π. Strictly speaking, the uncertainty in this additional normalization
(in particular, in the values of fi(−π) and f ′i (−π)) is a consequence of the limited nature of the asymptotic solution (5)
until it is linked explicitly to the remote load. This link is often obtained with the help of particular hypotheses for
the distribution of stresses, such as symmetry or antisymmetry of the stress-strain ﬁelds, suitable assumptions along
the crack line, and so on. However, for the physically nonlinear media with the stress-state dependent properties, it
is not always possible to anticipate the features of the solution near the crack without a numerical analysis of the full
boundary problem. In particular, if the remote load includes a shear component, the assumptions of antisymmetrical
or symmetrical stress ﬁelds seem to be too restrictive for the material with the inherent interrelation for the volume
and shear deformation, and these assumptions are not used in what follows. Let us assume that the remote load
includes mode III component, and uz (that is, f3(ϑ)) does not vanish identically. For compatibility with the linear
elastic solution for the longitudinal shear crack, we adopt the required normalization condition in the form
f3(−π) = −1. (11)
It should be noticed that, unlike the linear elasticity case, the solution obtained for the stress-state-dependent material
does not correspond to the pure mode III conditions. Meanwhile, the actual remote load results in the stress ﬁelds
which diﬀer from those appearing under the plane stress or plane strain conditions (both latter cases are discussed in
[Belyakova and Lomakin (2004); Lomakin and Belyakova (2004)]). We expect a generic mixed-mode loading to be
observed far from the crack.
Substituting the expressions for stresses (8) to the equilibrium conditions (9) we arrive at the system of three
second-order nonlinear diﬀerential equations for the functions fi. This system can be solved numerically in the interval
[−π, π]. The shooting method is used to satisfy the boundary and normalization conditions (10) and (11), respectively,
at both ends of the interval. Solving the system of equations also includes determination of the eigenvalues s.
The eigenspectrum for the crack problems in case of the linear elasticity is well-known [Williams (1957)]. De-
termination of eigenspectra for the cracks in nonlinear media is a complicated problem attracting lots of attention
[Anheuser and Gross (1998); Hui and Ruina (1995); Lu and Lee (1998); Stepanova (2008)] and, in particular, solu-
tions responsible for the stress singularity are obtained with s ∈ [1/2, 1). In this work an analytical solution for the
stress, strain, and displacement distributions is obtained for the considered crack problem in the stress-state-sensitive
material with the eigenvalue s = 1. This is a nonsingular solution often referred to as the T-stress term [Rice (1968)].
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For s = 1 the system of equilibrium equations (9) reads
ψ(γ) f ′′1 + ψ˙(γ) f
′
1
[
Gγ1 f
′′
1 +G
γ
2 f
′′
2 +G
γ
3 f
′′
3
]
= 2ψ(γ) f ′2 − ψ˙(γ)Gγ0 f ′1 , (12)[
FγG
γ
3 +G
ε
3Ψ(γ)γ
]
f ′′3 + FγG
γ
0 +G
ε
0Ψ(γ)γ = 0, ψ˙(γ) f
′
3
(
Gγ3 f
′′
3 +G
γ
0
)
+ ψ(γ)( f ′′3 + f3) = 0,
where
ψ˙(γ) = dψ/dγ, Ψ˙(γ) = dΨ/dγ, Fγ = ε˜0
[
Ψ˙(γ)γ + Ψ(γ)
]
+ 2ψ˙(γ)( f1 + 2 f ′2)/9
Gγ1 = −γGε1/(2ε˜20), Gγ2 = (2ε˜0 − γGε2)/(2ε˜20), Gγ3 = −γGε3/(2ε˜20), Gγ0 = (4ε˜0 f ′1 − γGε0)/(2ε˜20),
Gε1 = 2 f
′
1/3, G
ε
2 = 4( f1 + 2 f
′
2)/9, G
ε
3 = 2 f
′
3/3, G
ε
0 = 8 f1 f
′
1/9 + 2 f3 f
′
3/3 + 4 f
′
1 f
′
2/9,
ε˜20 = 4 f
2
1 /9 + f
2
3 /3 +
(
f ′1
)2 /3 + 4 ( f ′2)2 /9 + ( f ′3)2 /3 + 4 f1 f ′2/9.
For arbitrary material functions ψ(γ) and Ψ(γ), which meet the condition of uniqueness of the solution of the
boundary-value problem, the ﬁrst equation is satisﬁed with f1(ϑ) ≡ C1 = const, f2(ϑ) ≡ C2 = const. Then, if the
displacement uz is not assumed to vanish identically in the vicinity of the crack, the last two equations are satisﬁed
for f ′′3 + f3 = 0 and f3(ϑ) = C3 sinϑ + C4 cosϑ. Taking into account the second boundary condition in (10) and the
normalization (11) one obtains C3 = 0 and C4 = 1. The constant C2 has no eﬀect on the strain distribution, so it
corresponds to the rigid material displacement and can be set to 0. Finally, the constant C1 is found from the third
boundary condition in (10), that is σ˜ϑϑ(±π) = 0.
The resulting angular distributions of the displacements and the strains are
u˜r = f1 = C1, u˜ϑ = f2 = 0, u˜z = f3 = cosϑ,
ε˜rr = ε˜ϑϑ = C1, ε˜zz = ε˜rϑ = 0, ε˜rz = cosϑ/2, ε˜ϑz = − sinϑ/2, (13)
ε˜ = 2C1  0, γ = 6C1(4C21 + 3)
−1/2 = const.
The T-stress term (corresponding to s = 1) in the stress angular distribution can be found using the expressions (8)
and depends on the material functions of the stress state:
σ˜rr = σ˜ϑϑ = σ˜rϑ = 0, σ˜zz = −2ψ(γ)C1/3, σ˜rz = ψ(γ) cosϑ/3, σ˜ϑz = −ψ(γ) sinϑ/3. (14)
The distribution of the displacement uz coincides with the linear elastic case for s = 1. Nevertheless, the remote
load results in the volume change in the vicinity of the crack tip, as one can see from (13), and the displacement ur
does not vanish for C  0. The strain (and the stress) state near the crack is uniform, though it does not correspond
to a pure shear. Moreover, contrary to the linear elastic case, the stress-state dependence of the material properties
produces a nonzero stress σzz. For C = 0 the constitutive relations (3) reproduce the linear elastic ones, C1 = 0, and
thus the solution obtained turns into the linear elastic solution for the mode III crack.
In order to illustrate the volume change described by the general solution (13), consider a simpler version of the
constitutive relations (4) to ﬁnd:
ψ(γ) = (B −Cγ)/(AB −C2), Ψ(γ) = (A −Cγ−1)/(AB −C2) (15)
C1 =
{
3
8
[(
1 − 16κ2
)−1/2 − 1]
}1/2
, κ =
3C
2(9A + B)
.
The constant C1 from (15) is checked to be real for a wide range of experimental values of the material constants A,
B, and C. In particular, for A = 1.8 · 10−4MPa−1, B = 2.19 · 10−4 MPa−1, C = 1.1 · 10−4MPa−1, found for the structural
graphite ARV (see Fig. 1), C1 = 0.16, γ = 0.56, and ε˜ = 0.33, that demonstrates a signiﬁcant volume deformation.
4. Conclusions
Investigation of the asymptotic behaviour of the stress, strain, and displacements in the vicinity of a mixed-mode
crack in the stress-state sensitive materials leads one to conclude that the traditional approaches, such as the super-
position of the solutions as well as the assumptions for the symmetrical or antisymmetrical stress distributions are
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not always be applicable for the materials with the physically nonlinear stress-strain relations. In particular, generally
speaking, the eigenvalues for the constitutive relations (3) may not agree with the linear elastic ones. Nevertheless,
in this work, a nontrivial solution with s = 1 in the displacement series is found explicitly that demonstrates such
speciﬁc features as the volume change under the condition of the remote shear loading and so on. In addition, it is
seen that the stronger the material stress-state-sensitivity is the stronger the resulting stress, strain, and displacement
ﬁelds deviate from the linear elastic ones.
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